Abstract. In this paper we show that the range of norm one projection on Co(X) {X is a locally compact space) which satisfies the Seever's identity (T(fTg) = T(TfTg)) is isometrically isomorphic to Co(V) for some locally compact space Y.
A short historical account
An averaging operator was defined by Birkhoff [1] to be a linear operator T on a Banach algebra A satisfying the condition that:
T(fTg) = TfTg, forall/, 5 €A Such operators were first used (implicitly) by Reynolds [7] in connection with the theory of turbulence. A number of characterizations of these operators in the special setting of contractive projections on Co (X) have appeared in the literature. Let T be a contractive projection on Co (X): T 2 = T, ||T|| = 1. Kelley [6] proved that if T is positive then T is averaging if and only if the range R(T) of T is a subalgebra of Co (X). After that, Seever [9] showed that the identity
T(fTg) = T(TfTg),
for all /, g e C Q (X) holds whenever T is positive. Some-how this result is a generalization of Kelley's theorem. For the sake of simpleness, an operator with the above identity will be called, in this space, a Seever operator. The result of Seever was obtained by Wulbert [12] in the compact case with a weaker condition on T. Indeed, T is a Seever operator as soon as R(T) has a weakly separating quotient. Later, Friedman and Russo [3] furnished an example in which they proved that the condition obtained by Wulbert is not necessary. However, they found an alternative condition which turns out to be necessary and sufficient for T to be a Seever operator. Different algebraic and lattice
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F. Hadded properties of Seever operators in more general setting of lattice-ordered algebras can be found in [5] by Huijsmans and de Pagter, and in the recent works [10] by Triki and [4] by the author. Throughout this paper, CQ{X) denotes the Banach algebra of all scalarvalued continuous functions vanishing at infinity on a locally compact Hausdorff space X. The main purpose of the present paper is to prove that if the contractive projection T on Co (X) is a Seever operator then the range of T is isometrically isomorphic to Co (30 for some locally compact Hausdorff topological space Y. All results in this paper, as well as the proofs given here, are valid for both real and complex scalars.
General structure of Seever operators on CQ(X)
Let A be a commutative (real or complex) algebra. A (linear) operator T on A is said to be a Seever operator whenever
The identity (S) is called be the Seever's identity. Observe that T is a Seever operator on A if and only if
Hence, if T is a bijective Seever operator then
and so (/ -Tf f = 0, for all / G A. But then if A = C 0 (X) we get Tf = f for all / G C 0 (X), so that T = I, the identity map of Co (X). Consequently we have the following. PROPOSITION 
Let T be a Seever operator on CQ{X). IFT is bijective then T = I, where I denotes the identity map on Co (X).
Our objective next is to prove that if T is a Seever operator of Co (X) then T 2 = T o T is a Seever projection on Co (X), though T itself need not be a projection. We first need some preparations.
Let Co (X)' and Co (X)" be the topological dual and the topological bidual of Co{X), respectively. We recall that the Arens multiplication in Co {X)" is introduced in three steps as follows.:
Seever operators on CQ(X)

(3) (F.G){<p) = F(G.tp).
Moreover, it is well-known that CO (X)" is isomorphic as a Banach space to the Banach algebra C(Y) of all continuous scalar-valued functions on some extremely disconnected compact Hausdorff space Y. Actually, SchefFold [8] proved that C (Y) and CQ (X)" are isomorphic even as Banach algebras, when CO (X)" is equipped with the above Arens multiplication. At this point we denote by a the canonical evaluation map from Co (X) into Co {X)", that is,
all FEC 0 (X) and </ > e C 0 (X)'. Recall that a is an isometric algebra homomorphism. If T is a continuous operator of Co (X) then the biadjoint T"
The next proposition is based on the following lemma, which follows immediately from [4] . LEMMA 
Let T be a continuous operator on Co(X). Then T is a Seever operator if and only ifT" is a Seever operator on
CQ{X)".
PROPOSITION 2. If T is a continuous Seever operator on Co{X), then T 2 = T 3 and T 2 is a Seever projection.
Proof. First, let A be a unital commutative algebra and let T be a Seever operator on A. Then for all f E A
where e is the unit element of A. This implies that T 2 = T 3 and so T 2 is a projection on A. Now let T be a continuous Seever operator on Co(X). Then, by Lemma 1 T" is a Seever operator. Since CQ{X)" = C(Y) for some compact space Y, by the above T" 2 = T" 3 . Hence we have
We deduce that T 2 = T 3 , because a is injective. The Seever's identity for T yields
for all /, g E Co{X) and we are done.
• We end this section by determining the spectral behavior of Seever operators. Let T be a continuous operator on CQ(X).
The set p(T) = {a E C : al -T is bijective} is called the resolvent set of T. Its complement cr(T) = C\p(T) is called the spectrum of T. so that al -T is bijective. Hence a £ cr{T) and so <r(T) = {0,1}.
(ii) If T 2 = 0 and a G C\ {0} , then
{qI-T)O{-I+\T) = I. a or This implies that a £ a(T) and therefore <r(T) = {0}. •
The range of a contractive Seever projection on Cq{X)
Recall that by a _B*-algebra we mean a Banach complex algebra A equipped with an involution * such that ||xx*|| = ||x|| 2 for all x G A. By Gelfand representation, every commutative f?*-algebra is isometrically isomorphic to Co (y) for some locally compact Hausdorff topological space Y. The commutative -B*-algebra contains a unit if and only if Y is compact.
This section includes the main result of this paper. Indeed, we intend to prove in the next theorem that the range of a Seever contractive projection on Co (X) has a commutative £?*-algebra structure. The proof is based on the following lemma.
LEMMA 2. Let T be a contractive projection on Cq(X). If T is a Seever operator then the following hold for all f, g G Co (X) (i) ||r/|| = ||r/||. _ (ii) T(TfTg) = T(TfTg).
(hi) ||T(r/T/|| = ||T/|| 2 .
Proof. First we note that, since Cq(X)" is unital, Theorem 1 and Remark 2 of [4] imply that there exists 0 < u G Cq(X)" such that u 2 = n, uT" > 0 and T"{uT"F) = T"F for all F G C0(X)". We claim that ||T"F|| = \\uT"F\\ for 
= ||T7||
for all / G CO(X).
(ii) First we show that T"e = T"u, where e is the unit element of Cq{X)". Since T" is a Seever projection we have
T"e = T"(uT"e) = T"(T"(u)e) = T"u,
as desired.
Now let F, G G CO(X)". Since T" is a Seever projection on C Q {X)\ we get (1) T"(T"(F)T"(G)) = T"(T" (T"eT" (F)) T" (G))
= T "(T"(T"uT"(F))T"(G))
= T"{T"(uT"(F))T"(G)) = T"{uT"(F)T"(G)) = T"{uT"(F)uT"{G)) = T"(uT"(F)T"{G)).
On the other hand, ( 
2) T"{uT"FT"G) = T"(T"(uT"F)T"G) = T"(T"(T"eT"F)T"G) = T"(T"FT"G).
Thus, by applying (i) to T", we obtain 
Hence (3) T" (uT" FT" G) = T"(T"FT"G).
F. Hadded
Combining the equalities (1) and (3), we infer that
T"(T"(F)T"{Gj) = T"(T"FT"G).
Thus v(T{TfTg)) = T"(a(Tf)a(Tg)) = T"(T"(a(f))T"(a(g))) = T"(T"(^{f))T"(^{gj)) = T"(T"(a(J))T"(a(g))) = a(T(T(f)T(g))
for all f,g € Co(X), where we use that a is a real algebra homomorphism.
Now since a is injective we deduce that T(TfTg) = T(T(f)T(g)) for all f,geC 0 (X).
(iii) We first prove (iii) under the additional hypothesis that T is positive. By We are, at this point, in position to establish the central result of this paper. The special case of compact Hausdorff topological spaces is discussed next.
THEOREM 2. Let T be a Seever contractive projection on Co (X). Then the range R(T) of T is a commutative B*-algebra with respect to the multiplication • defined by f*g = T(fg), forallf,geR(T).
In other words, R (T) is isometrically isomorphic to Co (Y) for some locally compact Hausdorff topological space Y.
COROLLARY 1. Let T be a contractive Seever projection on C(X), where X is a compact Hausdorff space. Then there exists a compact Hausdorff space Y so that the range R{T) ofT is isometrically isomorphic to C(Y).
Proof. Let e denote the unit element of C(X). Then
Te • Tf = T(TeTf) = T 2 f = Tf
for all / € C(X). Therefore R(T) is a unital commutative i?*-algebra and we are done.
• Let P be a linear subspace of C(X) (X, compact). For x in X, xp denotes the linear functional defined on P by xp(f) = f(x) for all / in P and S(P) denotes the set of all points in P with norm less than or equal to one. We say P to have a weakly separating quotient if for every two distinct points x and y in X and for each scalar t ^ 1 such that xp = typ we have that xp is not an extreme point of S(P'). In particular the range R(T) of a positive projection T defined on C r (X) has a weakly separating quotient (see [12] ), where C r (X) is the Banach space of all real-valued continuous functions on X. In [12] , Wulbert proved that if T is a contractive projection from a subalgebra A of C(X) onto a subspace B with a weakly separating quotient then T is a Seever operator. It follows therefore, from Theorem 2: COROLLARY 2. Let T be a contractive projection on C{X), where X is a compact Hausdorff topological space. If R(T), the range ofT has a weakly separating quotient then R(T) is isometrically isomorphic to C (y) for some compact space Y.
It should be pointed out that Corollary 2 have already been obtained by Wulbert [11] in the real case and by Friedman and Russo [3] in the complex case.
